ABSTRACT. In the spirit of Ramanujan, we derive exponentially fast convergent series for Epstein zeta functions E Γ 0 (N) (z, s) on the Hecke congruence groups Γ 0 (N), N ∈ Z >0 , where z is an arbitrary point in the upper half-plane H, and s ∈ Z >1 . These Ramanujan series can be reformulated as integrations of modular forms, in the framework of Eichler integrals. For the particular cases of E Γ 0 (4) (i/2, s), these Eichler integrals recover part of the recent results reported by Wan and Zucker (arXiv:1410.7081v1).
INTRODUCTION AND STATEMENT OF RESULTS
Following Gross and Zagier [10, The Epstein zeta function is also known as the real-analytic Eisenstein series. The namesake is best interpreted by the following identity [9, p. 207 (Im z) s |mz + n| 2s , (1.4) which is reminiscent of the complex-analytic Eisenstein series E k of weight k:
(1.5)
Date: October 31, 2014. 1 Furthermore, E Γ 0 (1) (z, s) ≡ E SL(2,Z) (z, s) is the building block for all the Epstein zeta functions E Γ 0 (N) (z, s) of higher levels N ∈ Z >1 , in that [10, p. 
( 
We devote §4 to integral representations of E Γ 0 (4) (z, s) where s ∈ {2, 3, 4, 5, 7}. In the results summarized by the following theorem, the complete elliptic integral K is defined by 
(1.14) 
In the next lemma, we show that the aforementioned asymptotic behavior, together with a couple of analytic qualifications, uniquely characterize the Epstein zeta function. As in [17, Lemma 2.0.1], we denote the (negative semi-definite) Laplace operator on H as 
Proof. With the periodicity F(z) = F(z + 1) in (EZF1) and the differential equation in (EZF2), we have a Fourier expansion: 
The formula we proposed in Eq. 1.8 is closely related to a well-known entry [5, p. 276 ] from Ramanujan's second notebook, which we recapitulate in the lemma below.
Lemma 2.2 (Ramanujan's Reflection Formula).
For z ∈ H, m ∈ Z >0 , we have the following identity:
Proof. We follow the standard procedures in Grosswald's lemma [11, §4] 
Clearly, we have
where the expression 
However, by the reflection formula
This proves Eq. 2.5 for z/i > 0, and the rest follows from analytic continuation.
With the preparations above, we can proceed with a proof of Eq. 1.8.
Proof of Theorem 1.1(a).
We denote the real-valued function on the right-hand side of Eq. 1.8 by
is easy to check, while the relation 
where the function 
which is the claimed symmetry
Secondly, we show that
Since the function F(z) obviously satisfies F(z) = F(−z), the equation above is evident when n is a positive odd integer. For positive even integers n = 2ℓ ∈ 2Z >0 , we can build
inductively on the property (EZF2). Concretely speaking, as we have
By the invariance property of the Laplace operator ∆ H z , one can also show that
For any positive integer k, we can decompose the left-hand side of the following equation: 
and eliminates from the equation above the following identity:
which arises from a special case (m = 1, z = i) of Eq. 2.5. 
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We accordingly have the following asymptotic expansions near the cusps of Γ 0 (4)\H * :
Proof. One can verify the relation
from the fact that 1 
one can deduce the corresponding addition formula for Epstein zeta functions: 
brings us the second equality in Eq. 3.2. We can reformulate [17, Eq. 2.2.6] into the following form:
which leads us to
, s . (3.14)
As we combine the last two addends using Eq. 3.2, we see that Eq. 3.3 is true.
The identities in Eqs. 3.4 and 3.5 follow immediately from Eq. 1.6. Comparing Eqs. 3.4 and 3.5, we also recover the first equality in Eq. 3.2.
As we have the limit behavior of
thereby confirming Eq. 3.7.
Lemma 3.2 (A Reflection Formula of Ramanujan Type).
For z ∈ H, m ∈ Z >0 , we have the following identity: We can now move on to the justification of Eq. 1.9.
Proof of Theorem 1.1(b)
. First, we point out a variation on Lemma 2.1, which uniquely characterizes the function Φ(z) = E Γ 0 (4) (z, s) as a smooth mapping from H to R satisfying the properties below:
Here, in writing the conditions in (EZF1 ′ ), we have effectively tested Γ 0 (2)-invariance of the function As we abbreviate our proposed identity Eq. 1.9 into the form
Meanwhile, the condition (EZF2 ′ ) is obviously satisfied by our proposed formula, and the right-hand side of Eq. 1.9 goes to zero as z → i∞. Thus, it remains to check Ψ(2i y+1) = (4 y) −m−1 +o(y −m−1 ), R ∋ y → 0 + before we can verify (EZF3 ′ ). In this paragraph, we check (EZF1 ′ ) in the form of Ψ(2z + 1) = Ψ(2z − 1) = Ψ(−1/(2z + 1)). The condition Ψ(2z + 1) = Ψ(2z − 1) follows directly from the periodicity of the exponential function. To establish the inversion symmetry Ψ(2z + 1) = Ψ(−1/(2z + 1)), it would suffice to verify Ψ(i y) = Ψ(i/ y), ∀y > 0 (cf. the proof of Eq. 1.8). When 2z + 1 = i y with y > 0, we can deduce
where
for all y > 0. Therefore, we have Ψ(i y) = Ψ(i/ y), ∀y > 0, as claimed. We now wrap up our proof with the confirmation of Ψ(2i y+1) = (4 y) Remark An analog of Eq. 2.19 is the following evaluation:
Such an identity originates from a special case of Eq. 3.4:
We leave the rest of the details (series expansion of E Γ 0 (2) ((1 + i)/2, 2), back reference to Eq. 3.16, etc.) to our readers.
SOME INTEGRAL FORMULATIONS FOR RAMANUJAN SERIES
Before we proceed, let us first recollect some facts about the modular lambda function λ(z), z ∈ H and the complete elliptic integral K( t), t ∈ C [1, +∞).
We define the Λ-group as Λ := 2a+1 2b 2c 2d+1 a, b, c, d ∈ Z, (2a + 1)(2d + 1) − 4bc = 1 . It characterizes the symmetry of the modular lambda function: we have λ(γz) :
be the interior of the fundamental domain for the Λ-group, then z → λ(z) induces a bijective map from IntD Λ to (C R) ∪ (0, 1), and we have
The equation above entails the following relation
when 2z + 1 ∈ IntD Λ (see Eq. 1.10). As we combine the "λ-K relation " (Eq. 4.2) with Landen's transformations
we obtain the degree-2 transformations of the modular lambda function (see [15, §135] )
Proof of Theorem 1.2. We will only work out the details for Eq. 1.11, as the computations for Eqs. 1.12-1.15 are essentially similar. To prove Eq. 1.11, it would suffice to establish the following identities for z/i > 0:
The verification of the aforementioned connections between series and integrals will occupy the rest of this proof.
n 3 e 2πinz , z ∈ H, and the weight-4 Eisenstein series satisfies E 4 (ζ) := 1−240
1−e 2πinζ = 1−240 
This allows us to rewrite the Eichler integrals over Eisenstein series (the right-hand sides of Eqs. 4.9a-4.9b) into integrals whose integrands involve the products of two complete elliptic integrals of the first kind. Subsequently, the variable substitutions give rise to (11) . Such a lack of uniqueness in certain integral representations of odd zeta values can be systematically explained in the language of newforms, which we hope to address in a separate article.
